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Abstract. We analyse the exact solution of the eigenproblem for the Heisenberg Hamil-
tonian of magnetic heptagon, i.e. the ring of N = 7 nodes, each with spin 1/2, within the
XXX model with nearest neighbour interactions, from the point of view of finite extensions
of the field Q of rationals. We point out, as the main result, that the associated arithmetic
structure of these extensions makes natural an introduction of some Galois qubits. They
are two-dimensional subspaces of the Hilbert space of the model, which admit a quan-
tum informatic interpretation as elementary memory units for a (hypothetical) computer,
based on their distinctive properties with respect to the action of related Galois group for
indecomposable factors of the secular determinant.
These Galois qubits are nested on the lattice of subfields which involves several minimal
fields for determination of eigenstates (the complex Heisenberg field), spectrum (the real
Heisenberg field), and Fourier transforms of magnetic configurations (the cyclotomic field,
based on the simple 7th root of unity). The structure of the corresponding lattice of Galois
groups is presented in terms of Kummer theory, and its physical interpretation is indicated
in terms of appropriate permutations of eigenstates, energies, and density matrices.
Key words: Heisenberg magnetic ring, cyclotomic fields, Galois qubit,
Exemplary OSID style
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Kummer theory.
1. Introduction
The matrix elements of the XXX Heisenberg Hamiltonian with the near-
est neighbour interactions in the basis of magnetic configurations are inte-
gers (in short, the Hamiltonian is arithmetic). This fact imposes interesting
properties of solution of the eigenproblem of the Hamiltonian. Namely, the
solution of the eigenproblem is expressible within a finite extension of the
prime field Q of rationals. It is thus natural to study the Galois symmetry
of such an extension. In a previous paper [1] we have considered some arith-
metic aspects of field extensions in the context of pentagon, i.e. a magnetic
Heisenberg ring with N = 5 nodes. There, it was sufficient to consider the
cyclotomic extension by exp(2πi/5), a primitive fifth root of unity. The aim
of the present paper is to demonstrate a rich theoretic-arithmetic structure
of such an extension for the case of magnetic heptagon, that is the ring with
N = 7 spins 1/2 with nearest neighbour isotropic interaction. For the case of
a single deviation, the eigenproblem is expressible, by means of the Fourier
transform, in terms of the cyclotomic field Q(ω), with ω := exp(2πi/7). For
the heptagon, however, the corresponding algebraic integer ω is not suffi-
cient for a larger number r of spin deviations, and one needs some further
extensions by use of Kummer theory [2].
We recall that the XXX model is characterized by the following exact
quantum numbers: the quasimomentum k, the magnetization M = 7/2 −
r, and the total spin S = 7/2 − r′. The integer r is the total number of
overturned spins, whereas 0 ≤ r′ ≤ r for 0 ≤ r ≤ 3, has the meaning of those
magnons which are coupled into strings [3]. We demonstrate here that for a
fixed triad (k, r, r′), r′ > 1, the corresponding secular matrix has exactly the
size 2 × 2, which corresponds in the language of quantum computing [4] to
a specific implementation of a system of qubits within the Hilbert space of
the magnetic heptagon. The Galois group of the global extension turns out
to be composed of some Coxeter reflections along the Kummer theory, each
reflection acting on a single qubit.
The paper is organized as follows. In Section 2. we introduce the notation
concerning the Heisenberg magnetic ring, adapted from our previous papers
[1], [3], [5] - [7] to the case of heptagon. In Section 3. we introduce the
cyclotomic field Q(ω) which is the first conceptual extension of Q, with the
physical meaning of quasimomentum and Brillouin zone of heptagon. In
Section 4. we demonstrate that all two-magnon (r = 2) and three-magnon
(r = 3) spaces with a fixed quasimomentum k admit natural decompositions
in which the highest weight subspaces are two-dimensional. This fact justifies
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the quantum informatics interpretation of these subspaces, and thus of all
relevant spaces for the heptagon, in terms of a collection of qubits. We
propose some non-orthogonal bases for these qubits whose components are
expressible in the field Q(ω) with respect to the initial, arithmetic basis
of magnetic configurations. Further we construct projection operators for
these qubits in terms of raising and lowering operators for the total spin.
Our construction makes natural a definition of a Galois qubit as one with
appropriately restricted field of coefficients. Section 5. yields the arithmetic-
theoretic analysis of secular equations for our qubits. We prove that the
corresponding discriminants are not squares in the field Q(ρ), ρ = ω + ω−1,
and thus, a square root of each discriminant yields a quadratic extension of
Q(ρ). Then in Section 6. we use the Kummer [2] theory to demonstrate that
the field HE for the heptagon, i.e. the minimal field which encompasses all
energies of this magnet (we refer to it as the real Heisenberg number field),
has the Abelian Galois group of order 26 over to Q(ρ), and an appropriate
wreath product over to Q. Further, we describe the corresponding complex
Heisenberg number field HG which includes Q(ω), and thus allows to express
all density matrices corresponding to exact Bethe Ansatz eigenstates for the
heptagon. Section 7. demonstrates how to exploit the structure of Galois
groups to generate simple transformations between Bethe Ansatz eigenstates.
2. Preliminaries
We briefly recall, using the notation of our previous paper [1], that the
eigenproblem of the Heisenberg Hamiltonian for the ring of N nodes, each
with the spin 1/2, is formulated within the Hilbert space H ∼= ⊗N C2. The
space H is spanned over the set
2˜N˜ = {f : ‹N −→ 2˜} (1)
of all magnetic configurations on the ring ‹N = {j = 1, 2, . . . , N} (N = 7 in
the present paper), with 2˜ = {1, 2} ∼= {1/2,−1/2} ∼= {+,−} denoting the set
of z-projections of the spin 1/2; the latter can be readily interpreted in terms
of signs {±}, or as the computational basis of the qubit C2, the memory unit
of a quantum computer. The unitary structure of the space H is defined by
assuming the set 2˜N˜ as one of its orthonormal bases.
Let r be the number of overturned spins in a magnetic configuration
f ∈ 2˜7˜, Qr be the set of all magnetic configurations with r overturned spins,
and
Hr = lcCQr (2)
be the subspace of H, spanned on Qr. We recall here that Qr has the meaning
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of the classical configuration space of the system r˜ = {α = 1, 2, . . . , r} of r
Bethe pseudoparticles [5]-[8].
More precisely, each magnetic configuration f ∈ Qr ⊂ 2˜N˜ is presented in
the form
j = (j1, j2, . . . , jr), 1 ≤ j1 < j2 < . . . < jr ≤ N, (3)
where jα ∈ ‹N denotes the position of the α’th overturned spin, counted from
the leftmost node j = 1 to the rightmost j = N . This spin deviation is
interpreted as the α’th Bethe pseudoparticle. The inequality (3) imposes the
Yang-Baxter structure on the classical configuration space Qr, which acquires
the interpretation of a locally hypercubic lattice in r dimensions, with some
F -dimensional boundaries preventing coincidences of pseudoparticles, 1 ≤
F < r. Now, Hr becomes the space of all quantum states of the system r˜.
This space is invariant with respect to the Heisenberg Hamiltonian Hˆ. So
the Hamiltonian is defined by family of operators Hˆr ∈ End(Hr) which act
according to the formula
Hˆr|Q, j〉 =
∑
j′∈Qr,j
(|Q, j′〉 − |Q, j〉) , (4)
where Qr,j ⊂ Qr is the set of all nearest neighbours of j ∈ Qr within the
Young-Baxter structure of Qr, and |Qj〉 denotes the quantum state of the
system r˜, corresponding to its position, specified by j. Hence, the Heisenberg
Hamiltonian Hˆ is a direct sum of the family of Hamiltonians Hˆr
Hˆ =
7⊕
r=0
Hˆr. (5)
Observe, that, according to simple combinatorial bijection, every position
j in (3) can be treated as an r-element subset of ‹N. Problems related to the
classical Heisenberg magnetic configuration space with a fixed number of
spin deviations were considered in papers [5]-[8]. Hence, the vector |Q, j〉
can be written in the form |{j1, . . . , jr}〉. This notation is convenient for
the presentation of the step operator Sˆ− of the total spin of magnet. The
operator Sˆ− can be treated in two ways: as an endomorphism of the space
H or as a family of operators between consecutive subspaces Hr −→ Hr+1
Sˆ− : Hr −→ Hr+1, Sˆ−|{j1, . . . , jr}〉 =
∑
j /∈{j1,...,jr}
|{j, j1, . . . , jr}〉. (6)
In particular, Sˆ− commutes with the Heisenberg Hamiltonian Hˆ, it means
that
Sˆ−Hˆr = Hˆr+1Sˆ
−. (7)
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This fact allows us to introduce subspaces Hr,r′ of Hr in the following way.
The subspace Hr,r (with r′ = r, called the subspace of the highest weight) is
by definition orthogonal to the image of the operator Sˆ− in Hr. For r′ < r
we put
Hr,r′ :=
Ä
Sˆ−
är−r′ Hr′,r′ . (8)
The subspace Hr,r′ is the space of quantum states with given number r of
deviations and r′ of them coupled into strings.
3. Galois wavelets and algebraic structure of the cyclotomic field
We would like to put now an emphasis on the fact that Eq. (4), which is
essentially the starting point of the Bethe Ansatz [9], imposes that the matrix
elements of the Heisenberg Hamiltonian are integers, and thus the solution of
the corresponding eigenproblem is expressible within a finite extension of the
prime field Q of rationals. Thus the algebraically closed field C of complex
numbers, used in Eq. (2) along standard rules of quantum mechanics, might
be somehow redundant for a complete physical description of the model.
Moreover, one can exploit some purely algebraic symmetries of appropriate
finite extensions of the prime field Q to learn much about a complete solution
of the physical eigenproblem. For example, some Galois automorphisms can
define selection rules for transitions between eigenstates.
In this section we apply the Fourier transform in each space Hr as the
first step in diagonalization of the Hamiltonian Hˆ in accordance with papers
[1], [3], [10]. To do it, we exploit the orbit structure of each configuration
space Qr with respect to the group CN - the translational symmetry group
of heptagon. This structure is presented in detail in Table 1, with
t = (t1, . . . , tr),
∑
α∈r˜
tα = 7, (9)
where
tα =
®
jα+1 − jα , 1 ≤ α < r
N + j1 − jr , α = r (10)
denotes the vector of relative positions of r Bethe pseudoparticles on the hep-
tagon, and characterizes a C7-orbit (the characterization is complete when
one identifies sequences (t1, t2, . . . , tr) ∼ (t2, t3, . . . , t1) ∼ . . . ∼ (tr, t1, . . . , tr−1)
- cf. [5]-[8]. We use the sequence which is lexically the first, and the integer
1 ≤ F ≤ r denotes the number of adjacent islands of Bethe pseudoparticles
in the C7-orbit t [10]. Table 1. presents only those magnetic configurations
for which r < 7/2 (”below equator”), and all other configurations emerge
from particle-hole symmetry. Observe, that all orbits are regular (and thus
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each consists of 7 configurations), with the exception of r = 0 (ferromagnetic
vacuum) and r = 7 (anti vacuum).
r dimHr t F
0 1 ∅ 0
1 7 7 1
2 21 (1, 6) 1
(2, 5) 2
(3, 4) 2
3 35 (1, 1, 5) 1
(1, 2, 4) 2
(1, 3, 3) 2
(1, 4, 2) 2
(2, 2, 3) 3
Table 1: Orbit structure of the classical configuration spaces Qr for the
heptagon, 0 ≤ r ≤ 3. t denotes the vector of relative position for the system
r˜ of Bethe pseudoparticles, and F is the number of islands of adjacent spin
deviations.
Now we perform the Fourier transform on each such an orbit by means
of the formula
|B, r, t, k〉 =
∑
j∈7˜
Fjk|Q, r, t, j〉, k ∈ B, (11)
with
Fjk = ω
−kj/
√
7, j ∈ 7˜, k ∈ B. (12)
Here, k is an integer modulo 7, with representative taken within the range
B := {−3 ≤ k ≤ 3}, (13)
and referred to as the qusimomentum, with the set B recognized as the dual
to the translation group C7, or the Brillouin zone for the heptagon. In more
detail, each quasimomentum k ∈ B defines an irrep Γk of the group C7,
specified by
Γk(j) = ω
kj, j ∈ 7˜. (14)
The states |Q, r, t, j〉 constitute the arithmetic basis of C7 orbits in H along
Table 1 (when including states beyond equator), and the states |B, r, t, k〉
form the normalized basis of wavelets. Clearly, each space Hr decomposes
into C7-invariant subspaces Hkr with a fixed quasimomentum k
Hr =
⊕
k∈B
Hkr . (15)
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These subspaces are 1, 3, and 5-dimensional for r = 1, r = 2 and r = 3, respec-
tively, and moreover, the case r = 0 yields the 1-dimensional subspace H0,0,
corresponding to the center k = 0 of the Brillouin zone B. The orthonormal
basis (11) is inconvenient for our purposes since the Fourier coefficient Fj,k
of Eq. (12) does not belong to the cyclotomic field Q(ω). In order to remain
within this field, we propose in the following a modified transform
|G, r, t, k〉 =
∑
j∈7˜
Gjk|Q, r, t, j〉, k ∈ B, Gjk = Γ−k(j), j ∈ 7˜ (16)
referred hereafter to asGalois-Fourier transform with the corresponding basis
of Galois wavelets. Within this setting, the coefficients Gj,k are algebraic
integers in Q(ω).
Further, we can make the following decomposition
Hkr =
⊕
r′
Hkr,r′ , Hkr,r′ := Hr,r′ ∩Hkr . (17)
The subspaces Hkr,r′ are invariant with respect to the Heisenberg Hamilto-
nian as the intersection of two invariant subspaces. The dimensions of these
subspaces based on quantum numbers r, r′, k are given as follows:
dim H0r,r′ = 1− r′,dim Hlr,r′ = r′ for r′ = 0, 1, and l ∈ B \ {0}, (18)
dim Hkr,r′ = 2 for r′ = 2, 3, k ∈ B, (19)
where r = r′ . . . , 7− r′. So the quantum spaces Hkr,r′ for r′ = 2, 3 are qubits
from the quantum computing point of view.
Now let us study some properties of the cyclotomic field Q(ω) from the
Galois theory point of view. The extension Q(ω)/Q has degree six. It means
that the field Q(ω) is the linear six-dimensional space over the prime field Q,
and the set {ωk|k ∈ B \ {0}} of all roots of the minimal polynomial fω of ω
fω(x) = x
6 + x5 + . . . x+ 1 ≡
∏
l∈B\{0}
(x− ωl) (20)
can be used as a basis of this space (root basis), i.e.
Q(ω) = lcQ{ωl : l ∈ B \ {0}}, [Q(ω) : Q] = degfω = 6. (21)
The Galois group of the extension Q(ω)/Q is the group C6 isomorphic to the
multiplicative group of the ring Z7:
G(Q(ω)/Q) = C6 = {τl : l ∈ Z∗7}, τlωk = ωlk, (22)
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with the multiplication law
τlτl′ = τll′ (23)
with ll′ understood mod 7. Observe, that elements τ−4 and τ−2 have order
six in C6. So, there exist two isomorphisms between the additive group Z6
and C6
φl : Z6 −→ C6, l = −4,−2, φl(n) = τln , n ∈ Z6, (24)
with ln understood mod 7. The isomorphisms are well defined by the Small
Fermat Theorem. The group is the direct product of its two non-trivial
subgroups:
C2 = {τ1, τ−1} and C3 = {τ1, τ2, τ4}. (25)
Observe, that C3 is the group of squares in C6. In accordance with the
fundamental theorem of the Galois theory these subgroups determine two
subfields of the field Q(ω). The groupC2 determines the subfield of invariants
of the C2. It is the real subfield Q(ρ) of Q(ω), where ρ = ω + ω
−1. The
orbits of the action ofC2 on the root basis are {ω, ω−1}, {ω2, ω−2}, {ω4, ω−4}.
Hence, numbers
ρ1 = ρ = ω + ω
−1, ρ2 = ω
2 + ω−2, ρ4 = ω
4 + ω−4 (26)
constitute a basis of the subfield Q(ρ). The subgroup C3 acting on basis
vector gives two orbits {ω, ω2, ω4}, {ω−1, ω−2, ω−4}. So
η1 = ω + ω
2 + ω4, η−1 = ω
−1 + ω−2 + ω−4 (27)
is the basis of C3 invariants. Clearly, the subfield of C3-invariant is Q(η),
with
η := η1 − η−1 = i
√
7. (28)
The lattice of subfields of the cyclotomic fields Q(ω) is given on Fig. 1.
Fig. 1: The lattice of subfields for heptagon.
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4. The eigenproblem and Galois qubits
In accordance to the decomposition (15), the Hamiltonian Hˆr can be
presented as a direct sum
Hˆr =
⊕
r,k
Hˆkr . (29)
Correspondingly, the secular matrices Hr,k in the basis of wavelets read
H00 = [0], (30)
Hk1 = [−2 + ξ + ξ] , (31)
Hk2 =


−2 1 + ξ 0
1 + ξ −4 1 + ξ
0 1 + ξ −4 + ξ3 + ξ3

 , (32)
Hk3 =


−2 1 0 ξ 0
1 −4 1 ξ2 ξ
0 1 −4 1 1 + ξ3
ξ ξ2 1 −4 ξ2
0 ξ 1 + ξ
3
ξ
2 −6 + ξ2 + ξ2


, (33)
where
ξ := ωk, k ∈ B. (34)
The rows and columns of matrices in (31-33) are labeled by vectors t of
relative positions in accordance with Table 1.
In order to diagonalize the matrices (32, 33) we start from the following
statement. If |Ψ〉 ∈ Hkr is an eigenstate of the Hamiltonian Hˆ, then Sˆ−|Ψ〉
is an eigenstate of Hˆ with the same eigenenergy.
Let us define operators
Skr,∆r := (S
−)∆rP kr (35)
by means of the ∆r-th power of the creation operator S− of Bethe pseu-
doparticle and the projection operator Pˆ kr on the subspace Hkr . The operator
Skr,∆r is an endomorphism of H or a homomorphism from Hkr to Hkr+∆r which
increases the number of deviations and preserves quasimomenta.
The matrices of these operators for r = 1, 2,∆r = 1 and r = 1,∆r = 2 in
the Galois wavelets basis have the following forms
Sk1,1 =


1 + ξ
1 + ξ
2
1 + ξ
3

 , Sk2,1 =


1 + ξ 1 0
1 ξ 1
1 0 ξ3 + ξ
1 ξ2 ξ2
0 1 + ξ
2
ξ3

 (36)
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and
Sk1,2 = S
k
2,1S
k
1,1. (37)
Hence,
Sˆ−|G, 1, k, 7〉 =
3∑
t=1
(1 + ξ−kt)|G, 2, k, t, 7 − t〉 =


1 + ξ
1 + ξ
2
1 + ξ
3

 ∈ Hk2,r′ , (38)
is the zero-magnon (r′ = 0) for k = 0 and one-magnon (r′ = 1) for k 6= 0
eigenstate in the space of two spin deviations, with the eigenvalue
Ekr′ = −2 + ξ + ξ. (39)
The highest weight two-magnon space Hk2,2 is two dimensional, as a subspace
of Hk2 , orthogonal to the vector Sˆ−|G, 1, k, 7〉. We refer hereafter to this space
as the two-magnon qubit (for given k ∈ B).
Now let us give the solution of the eigenproblem of (32) for k = 0. As
the zero-magnon state in H02,0 we put
v02,0 =
1
2
Sˆ−|G, 1, k, 7〉 =


1
1
1

 . (40)
The following vectors
v02,2;1 =


−1
0
1

 and v02,2;−1 =


1
−2
1

 (41)
which are orthogonal to v02,0 are eigenstates of (32) of the highest weight with
eigenenergies
E02;1 = −2 and E02;−1 = −6. (42)
Now let us deal with the eigenproblem of (32) for k 6= 0. Vectors
vk2,1 :=


1 + ξ2
−(1 + ξ)
0

 , vk2,2 := 11 + ξ


1 + ξ3
0
−(1 + ξ)

 =


1 + ξ + ξ2
0
−1

 (43)
constitute a basis of the highest weight two-magnon space as orthogonal to
the subspace generated by the one-magnon state (38). The construction of
these vectors is based on the first step of the Jacobi’s method. Observe, that
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vectors (43) are not orthogonal. The two-magnon Hamiltonian in the basis
(41) has the form
Hk2,2 =
ñ −µ 2− µ
2 + µ µ4
ô
− 4I2, (44)
where µ = ξ + ξ, µl = ξ
l + ξ−l. Observe, that µ7−k = µ−k = µk.
Let k 6= 0. Then, the minimal polynomial for µ has the form w(x) =
x3 + x2 − 2x− 1, and so we get
µ3 = 1 + 2µ− µ2 , µ4 = −1− µ+ 3µ2. (45)
The characteristic polynomial of the operator Hˆk2,2 is
fk2,2(x) = (x+ 4)
2 − (1− 2µ − µ2)(x+ 4) + (−3 + µ+ µ2). (46)
with discriminant of the characteristic polynomial
∆k2 = 16− µ− 3µ2 (47)
so that the two-magnon energies read
Ek2;±1 =
1
2
(1− 2µ− µ2 ±
»
∆k2)− 4. (48)
Now let us consider the three-magnon problem. At first let us observe,
that the image of the operator Sˆ− in the space Hk3 is generated by vec-
tors f1 := Sˆ
−|G, 2, k, (1, 6)〉, f2 := Sˆ−|G, 2, k, (2, 4)〉, f3 := Sˆ−|G, 2, k, (3, 4)〉
which in the Galois wavelets basis have the form
f1 =


ξ + 1
1
1
1
0

 , f2 =


1
ξ
0
ξ2
1 + ξ
2

 , f3 =


0
1
ξ3 + ξ
ξ2
ξ3

 . (49)
For k = 0, using the Gauss elimination method for the study of orthogonality
to vectors (49) we get the general form of the highest weight three-magnon
vectors
v =


2t
−3t+ s
2t
−3t− s
2t

 , t, s ∈ C. (50)
which results in eigenenergy E03 = −5 (double degeneration). So
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v03,0 =


1
1
1
1
1

 , v
0
3,2;1 =


−2
0
1
0
1

 , v
0
3,2;2 =


0
0
−1
0
1

 ,
v03,3;1 =


2
3
−2
3
2

 , v
0
3,3;2 =


0
1
0
−1
0


(51)
are eigenstates, where those of lower weight are obtained by means of the
action Sˆ− on (40, 41).
Now let us deal with the three-magnon eigenproblem for k 6= 0. The
three-magnon space of the highest weight H3,3 is the kernel of the operator
Sˆ+ := Sˆ−
†
. Hence, it is generated by vectors of the form
(|j1〉 − |j2〉)⊙ (|j3〉 − |j4〉)⊙ (|j5〉 − |j6〉), (52)
where j1, . . . , j6 are pairwise different (it means card{j1, . . . , j6} = 6 . The
multiplication ⊙ is defined at first for A1, . . . , Al ⊂ {1, . . . , ‹N} pairwise dis-
joint: |A1〉⊙. . .⊙|Al〉 = |A1∪. . .∪Al〉. Further, we extend this multiplication
to linear combinations over C with pairwise disjoint supports in the natural
way (of course |j〉 = |{j}〉).
Configuration of the form (52) can be uniquely labeled by the Young
tableau
j1 j3 j5 j7
j2 j4 j6
(53)
and the set of all such standard Young tableaux determines a basis in the
three-magnon space.
For k ∈ B \ {0} we put vectors
vk3,1 = ξ
3
∑
j
ξ−j(|2 + j〉 − |1 + j〉)⊙ (|4 + j〉 − |3 + j〉) ⊙ (|6 + j〉 − |5 + j〉)
=


0
−(1 + ξ2)
−(ξ2 − ξ2)
1 + ξ2
ξ − ξ2


(54)
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and
vk3,2 = (1 + ξ)
∑
j
ξ−j(|1 + j〉 − |4 + j〉) ⊙ (|2 + j〉 − |5 + j〉)
⊙ (|3 + j〉 − |6 + j〉) =


ξ − ξ5
ξ5 + ξ6
0
−(ξ + ξ2)
ξ3 − ξ

 (55)
which constitute a basis in the three-magnon qubit Hk3,3.
In this basis the three-magnon Hamiltonian is expressed by the following
matrix
Hˆk3,3 =
ñ −3− µ4 −1 + µ2 − 2µ4
1 + µ2 1 + µ2
ô
− 4I2. (56)
The characteristic polynomial of the Hamiltonian (56) has the form
fk3,3(x) = (x+ 4)
2 − (−5 + µ+ 2µ2)(x+ 4) + (µ − 2µ2) (57)
and its discriminant is
∆k3 = 25− 10µ − 3µ2. (58)
Three-magnon energy of the highest weight for k 6= 0 is given by the following
equality
Ek3;±1 =
1
2
(−5 + µ+ 2µ2 ±
»
∆k3)− 4. (59)
In the case k = 0, beyond eigen-energies, we presented also eigenvectors
in a simple form. For k 6= 0 we presented eigenenergies (48, 59) for the states
of weight r′ larger than 1 (for the weight r′ = 1 the energy is given by the
formula (31)). We will find the density matrix corresponding to an eigenvec-
tor. For this reason we write down the projectors P kr,r′ on the subspaces with
given quantum numbers r, r′, k for k 6= 0.
At first let us observe, that the traces of products of the matrices (37, 36)
and their Hermitian conjugations for k 6= 0 are
TrSk1,1S
k †
1,1 = 5, TrS
k
2,1S
k †
2,1 = 14, TrS
k
1,2S
k †
1,2 = 40. (60)
Hence, projection operators in the two-deviation space with given wave vector
k 6= 0 on one-magnon and two-magnon space are:
P k2,1 =
1
5
Sk1,1S
k †
1,1 . (61)
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The projection operator P k2,1 is the density matrix because the space Hk2,1 is
one-dimensional
P k2,2 = P
k
2 − P k2,1. (62)
The projection operators in the three-deviation space with given wave vector
k 6= 0 onto one-magnon, two-magnon and three-magnon space are given by
the following formulas
P k3,1 =
1
40
Sk1,2S
k †
1,2 , (63)
P k3,2 =
1
3
Sk2,1S
k †
2,1 −
1
15
Sk1,2S
k †
1,2 , (64)
P k3,3 = P3,k −
1
3
Sk2,1S
k †
2,1 +
1
24
Sk1,2S
k †
1,2 . (65)
For r′ = 1 the density matrices are given by
̺kr,r′ = P
k
r,r′ (66)
as the spaces Hkr,r′ are one-dimensional.
For r′ = 2, 3 the density matrices ρkr,r′,1 and ρ
k
r,r′,2 satisfy the following
system of linear equations:
̺kr,r′,−1 + ̺
k
r,r,1 = P
k
r,r′ , E
k
r′,−1̺
k
r,r′,−1 + E
k
r′,1̺
k
r,r′,1 = H
k
r,r′, (67)
where Ekr′,±1 are energies of two- and three-magnon eigenstates given by (48,
59) and
Hkr,r′ = H
k
r P
k
r,r′ . (68)
The solution of the system is
̺kr,r′,ν = ν
Hkr,r′ − Ekr′,−νP kr,r»
∆kr
, k = ±1,±2,±4, (69)
where ν = ±1 is a digit for the qubitHkr,r′, and the eigenenergies are invariant
with respect to the reflection of the number k E−kr′,ν = E
k
r′,ν, ∆
−k
r′ = ∆
k
r′ .
In the basis of Galois wavelets Hamiltonians Hkr are given by (32, 33) and
projection operators P kr,r′ by (61-65).
For k = 0 the density matrices and projectors are given by eigenvectors
(51) as follows:
̺0r,r′,ν =
|v0r,r′,ν〉〈v0r,r′,ν |
〈v0r,r′,ν|v0r,r′,ν〉
, P 0r,r′ =
∑
ν
̺0r,r′,ν , (70)
where ν is the empty index for r′ = 0 and runs through ±1 for r′ = 2, 3.
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It is worth to observe, that components of vectors (43) and (54, 55) in
the Galois wavelets (hence, in the arithmetic basis) belong to the field Q(ω).
It allows us to propose the following definition.
Definition 1. Let K be an algebraic extension of Q and r′ = 2, 3. Then the
linear space:
Qkr,r′(K) := {v ∈ Hkr,r′ : 〈v|j〉 ∈ K , j ∈ Qr} (71)
over the field K will be called the Galois qubit if dimKQkr,r′(K) = 2.
For example Qkr,r′(Q) = {0} for k 6= 0 and dimQQ0r,r′(Q) = 2. Hence, Qkr,r′(Q)
is the Galois qubit only for k = 0. For k 6= 0 Qkr,r′(K) is the Galois qubit over
K if the field K is an extension of the cyclotomic field Q(ω). In particular,
Qrr′k(Q(ω)) will be referred to as Galois-Fourier qubit. Elements of the
matrices (44, 56) belong to the field Q(µ) ⊂ Q(ω) so the two- and three-
magnon Hamiltonians are endomorphisms of qubitsHkrr′ and the Galois qubit
Qkrr′(Q(ω)) as well.
5. Arithmetic properties of two and three-magnons discriminant
The secular equations for two and three magnons with given k are quadratic.
Discriminants ∆kr′ of these equations are
∆12 = 16− ρ− 3ρ2 , ∆22 = 9 + 3ρ+ 2ρ2 , ∆42 = 9− 2ρ+ ρ2, (72)
∆13 = 25− 10ρ− 3ρ2 , ∆23 = 36 + 3ρ− 7ρ2 , ∆43 = 9 + 7ρ+ 10ρ2. (73)
Each solution of an eigenproblem is expressible in terms of a square root
of appropriate discriminant. It is natural to ask if square roots of these
discriminants belong to the field Q(ρ). The following theorem gives the
negative answer.
Theorem 1. The discriminants ∆kr′ for r
′ = 2, 3 and k = 1, 2, 4 are not
squares in Q(ρ).
Proof. Observe, that
τ l∆kr = ∆
2lk
r (74)
where τ := τ2 is the generator of the Galois group G(Q(ρ)/Q) (cf. Eq. 25).
It is convenient to use the following notation
a1 := a , a2 = τ(a) , a4 = τ
2(a) (75)
for any a ∈ Q(ρ). The trace and the norm of an element a ∈ K for the
extension K/Q are given by means of this notation as follows:
TrK/Q(a) = a1 + a2 + a4 , NK/Q(a) = a1a2a4, (76)
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where K := Q(ρ).
As the first step of the proof of this theorem we formulate the technical
Fact. For any x, y ∈ Q, a ∈ Q(ρ) the following equalities hold
NK/Q(x+a) = x
3+TrK/Q a x
2+
1
2
[(TrK/Q a)
2−TrK/Q (a2)]x+NK/Q(a), (77)
NK/Q(x+ yρ) = x
3 − x2y − 2xy2 + y3. (78)
For the proof of (77) one can use the identity
NK/Q(x+ a) = (x+ a1)(x+ a2)(x+ a4). (79)
The equation (78) is a particular case of (77), because
TrK/Q(ρ) = −1, TrK/Q(ρ2) = −3, NK/Q(ρ) = 1. (80)
Lemma 1. The norm of the two-magnon discriminants (72) is a prime
number p2 := 1289.
Proof. The formula (74) implies that the norms of all these discriminants
are equal to each other. Observe, that
∆42 = 8 + a, (81)
where
a = (ρ− 1)2 = ρ2 − 2ρ1 + 3, (82)
hence,
TrK/Q a = 10. (83)
The trace of the square of a we calculate in a similar way
a2 = (ρ− 1)4 = 13ρ2 − 13ρ1 + 22, (84)
so
TrK/Q(a
2) = 66. (85)
Substituting (85) to (77) we get
NK/Q(∆2,3) = 1289. (86)
Lemma 2. The norm of the three-magnon discriminants (73) is a com-
posite number n3 := 7 · 13 · 83.
Observe, that
∆13 = (5− 3ρ)(5 + ρ). (87)
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Then, using (78) we get
NK/Q(5− 3ρ) = 83 , NK/Q(5 + ρ) = 91 = 7 · 13. (88)
Lemmas 1 and 2 show that the norms of the discriminants are not squares
in Q, hence, these discriminants are not squares in K. This completes the
proof of the theorem.
The eigenenergies for given r′ and k belong to the number field:
Hkr′,E := Q(ρ,
»
∆kr′). (89)
Definition 2. The number field Hkr′,E will be called the real Heisenberg
number field for r′ and k.
Hkr′,E is the minimal field which contains the energy of the Hamiltonian Hˆ
k
r,r′ .
Hence, [Hkr′,E : Q(ρ)] = 2 for k ∈ B \ {0}, r′ = 2, 3 and H0r′, E = Q.
Lemma 3. The two-magnon discriminants are primes in the ring OK of
integers in the field K. The decomposition of the three-magnon discriminants
into primes in the ring OK are given by the following formulas
∆13 = (5− 3ρ)τ(3 + ρ)τ(2 − ρ), (90)
∆23 = τ(5− 3ρ)τ2(3 + ρ)τ2(2− ρ), (91)
∆33 = τ
2(5− 3ρ)(3 + ρ)(2− ρ). (92)
Proof. The first part of Lemma 3 is a corollary from Lemma 1. The
equalities (88) show that 5 − 3ρ is a prime, and 5 + ρ is not prime in OK .
Now observe, that the following equality
τ2(5 + ρ) = (3 + ρ)(2 − ρ) (93)
holds and the norms of these factors are prime numbers:
NK/Q(3 + ρ) = 13 , NK/Q(2− ρ) = 7. (94)
This finishes the proof of the lemma 3.
6. The real and the complex Heisenberg number fields
Definition 3. Let r′-magnon real Heisenberg number field be the fol-
lowing composite of fields:
Hr′,E := H
1
r′,EH
2
r′,EH
4
r′,E (95)
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and let total real Heisenberg number field be defined as another com-
posite of fields:
HE := H2,EH3,E. (96)
The fieldsHkr′,E, Hr′,E andHE are minimal ones which contain eigenenergies
Ekr′,±1, all eigenenergies with given r
′, and all eigenenergies of the Heisenberg
Hamiltonian Hˆ, respectively.
Now let us define the complex Heisenberg number fields as the minimal
extensions of real Heisenberg fields and the cyclotomic fields. So Hkr′,E is
the minimal field for diagonalization of the Heisenberg Hamiltonian Hˆkr,r′ in
the qubit Hkr,r′ , where r′ ∈ 2, 3, k ∈ B \ {0}. These fields are given by the
following formula
HΛ,G = HΛ,E(η), (97)
where η = i
√
7 for Λ = r′, k ( r′ = 2, 3, k ∈ B \ {0}), or Λ = r′ (r′ = 2, 3) or
Λ being empty index. Hence,
G(HΛ,G/Q(ω)) = G(HΛ,E/Q(ρ)). (98)
Fig. 2: The lattice of Heisenberg subfields for heptagon: X = E, x = ρ (real
case), X = G, x = ω (complex case).
Now we deal with Galois properties of the extensionsHr,E/Q, r = 2, 3 and
HE/Q. At first we study the extension Hr′,E/Q(ρ), HE/Q(ρ), and further,
we compose the extension with Q(ρ)/Q.
To investigate Hr′,E/Q(ρ) and HE/Q(ρ) we use the Kummer theory.
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In order to make the investigation explicit, let us recall some general
facts from algebraic number, Galois and, in particular, Kummer theory. Let
K be a field, ∆1, . . . ,∆l ∈ K and ∆1, . . . ,∆l /∈ K2. Consider the extension
Kl := K(
√
∆1, . . . ,
√
∆l) and multiplicative subgroup Λ˜ of K
× generated by
∆1, . . . ,∆l and K
×2
Λ˜ = 〈{∆1, . . . ,∆l} ∪K×2〉. (99)
The subgroup is a Z-module as an abelian group. So
Λ = Λ˜/K× 2 (100)
is a Z2-module. Now, let us assume ∆1, . . . ,∆k ∈ OK . Let p1, . . . ,pk be a
set of prime ideals of OK . Assume that this set of prime ideals of OK is such
that
pi|(∆i) and pj 6 |(∆i) for i 6= j. (101)
Hence, using uniqueness of decomposition into prime ideals in OK one gets
that Λ is a free Z/2 module with basis ∆1K
×2, . . . ,∆lK
×2. By Kummer
theory [2] (§ 8, Theorem 13) we have bilinear perfect pairing:
〈, 〉 : G(Kl/K)× Λ −→ Z2 (102)
given by
〈g, λ〉 = gα/α , where α ∈ Kl, α2 = λ (103)
and
G(Kl/K) ∼= Λ ∼= (Z2)l. (104)
In particular it shows that [Kl : K] = 2
l and
∆i /∈ K(∆1, . . . ,∆i−1,∆i+1, . . . ,∆l) for every i = 1, 2, . . . , l.
The Galois group of the extension acts in the following way:
(ǫ1, . . . , ǫl)(
√
∆i) = ǫi
√
∆i , i = 1, . . . l , ǫi ∈ Z2 = {±1}. (105)
Hence, the bilinear pairing is given by
〈(ǫ1, . . . , ǫl),∆1α1 · . . . ·∆lαl〉 = ǫ1α1 · . . . · ǫlαl . (106)
Applying these facts to fields extensions
HE/Q(ρ) , H2,E/Q(ρ) , H3,E/Q(ρ) , (107)
we get the following theorem:
Theorem 3. The Galois groups of the extensions (107) are as follows:
G(H2,E/Q(ρ)) = G(H3,E/Q(ρ)) = C2
3 (108)
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and
G(HE/Q(ρ)) = C2
3 ×C23. (109)
Proof. In order to prove it we put K = Q(ρ) and set up the following
ideals: pk2 = (∆
k
2) and p
k
3 = (τ
k(3 + ρ)) (see (90)–(92)) for k = 1, 2, 4 in
OK . The Galois group G(Q(ρ)/Q) permutes cyclically elements of the form
∆k2 and τ
k(3 + ρ) as well. The norms of ∆12 and 3 + ρ are prime numbers
mutually different and different from p = 7. Moreover,
NK/Q(∆
1
2) ≡ 1 mod 7, NK/Q(3 + ρ) ≡ −1 mod 7. (110)
So the prime ideals (∆12) and (3+ρ) are split completely in the field extension
Q(ρ)/Q. It follows that
pkr′ |∆kr′ and pkr′ 6 |∆k1r′
1
for r′1 6= r′ or k1 6= k. (111)
Using the result (104) of the Kummer theory we get (108, 109).
Let us remind the definition of the wreath product. Let G and H be
groups and S be a set with a representation φ : H → Sym(S). Let GS :=∏
s∈S G. The wreath product G ≀φ H := GS ⋊H with the composition law:
((gs), h)((g
′
s), h
′) = ((gφ(h′)(s))(g
′
s), hh
′)
for all (gs), (g
′
s) ∈ GS and all h, h′ ∈ H.
The Galois group of the extensions of total real Heisenberg field over Q
is (as a set) the Cartesian product
C2
3 ×C3. (112)
The action of an element (ǫ1, ǫ2, ǫ4; τl) on ρk and the square of a discriminant
is given as follows
(ǫ1, ǫ2, ǫ4; τl)ρk = ρlk , (ǫ1, ǫ2, ǫ4; τl)
»
∆kr′ = ǫl
»
∆lkr′ . (113)
So the Galois group is the wreath products with the multiplication laws:
G(H2,E/Q) = G(H3,E/Q) = C2 ≀C3 (114)
(ǫ1, ǫ2, ǫ4; τl)(ǫ
′
1, ǫ
′
2, ǫ
′
4; τl′) = (ǫl′ǫ
′
1, ǫ2l′ǫ
′
2, ǫ4l′ǫ
′
4; τll′) (115)
and
G(HE/Q(ρ)) = (C2 ×C2) ≀C3 (116)
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Ç
ǫ2,1, ǫ2,2, ǫ2,4
ǫ3,1, ǫ3,2, ǫ3,4
; τl
åÇ
ǫ′2,1, ǫ
′
2,2, ǫ
′
2,4
ǫ′3,1, ǫ
′
3,2, ǫ
′
3,4
; τl′
å
= (117)
=
Ç
ǫ2,l′ǫ
′
2,1, ǫ2,2l′ǫ
′
2,2, ǫ2,4l′ǫ
′
2,4,
ǫ3,l′ǫ
′
3,1, ǫ3,2l′ǫ
′
3,2, ǫ3,4l′ǫ
′
3,4,
; τll′
å
.
Remark. Observe, that instead of the triple of ideals pk3 we could use
in our investigations the second triple: qk3 = (τ
k−1(5 − 3ρ)) because, as we
computed in Section 5., the norms Nk/Q(3 + ρ) = 13 and NK/Q(5− 3ρ) = 83
are primes different from p = 7. Observe, that 13 ≡ 83 ≡ −1 mod 7. Hence,
we conclude that the primes 13 and 83 split completely inQ(ρ)/Q whereas the
prime ideals pk3 and q
k
3 are inert for each k in the field extension Q(ω)/Q(ρ).
On the other hand it is very well known, that 7 is totally ramified in Q(ω)/Q.
Moreover, N(2−ρ) = ∏3k=1 τk−1(2−ρ) = 7, so the ideals q′k3 = (τk−1(2−ρ))
are all equal:
(2− ρ) = (τ(2− ρ)) = (τ2(2− ρ)).
Hence, we can not use the ideals by q′k3 in our argument, because q
′k
3 |∆l3 for
k, l = 1, 2, 4.
The Galois groups of compositions of the extensions HΛ,G and Q(ω)/Q
are the following wreath product
G(H2,G/Q) = G(H3,E/Q) = C2 ≀φ C6, (118)
G(HG/Q) = (C2 ×C2) ≀φ C6, (119)
where φ(±k2) = k2 mod 7. The multiplication laws in these groups are
given by the following formulas
(ǫ1, ǫ2, ǫ4; τl)(ǫ
′
1, ǫ
′
2, ǫ
′
4; τl′) = (ǫφ(l′)ǫ
′
1, ǫ2φ(l′)ǫ
′
2, ǫ4φ(l′)ǫ
′
4; τll′) (120)
for G(Hr′,G/Q) andÇ
ǫ2,1, ǫ2,2, ǫ2,4
ǫ3,1, ǫ3,2, ǫ3,4
; τl
åÇ
ǫ′2,1, ǫ
′
2,2, ǫ
′
2,4
ǫ′3,1, ǫ
′
3,2, ǫ
′
3,4
; τl′
å
= (121)
Ç
ǫ2,φ(l′)ǫ
′
2,1, ǫ2,2φ(l′)ǫ
′
2,2, ǫ2,4φ(l′)lǫ
′
2,4,
ǫ3,φ(l′)ǫ
′
3,1, ǫ3,2φ(l′)ǫ
′
3,2, ǫ3,4φ(l′)ǫ
′
3,4,
; τll′
å
for G(HG/Q).
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7. Galois qubits and actions of the Galois group
The matrix elements of projection operators in the Galois wavelets belong
to the cyclotomic field Q(ω). Also the wavelets are linear combinations of the
arithmetic basis vectors over Q(ω). The matrix elements of density matrices
in the wavelets belong to the field Q(ω,
»
∆kr′). From columns of density
matrices one gets the eigenbasis in the qubit Hkr,r′. This fact allows us to
define the Galois-Heisenberg qubit as the space of linear combinations of
these vectors over the field Q(ω,
»
∆kr′):
Qkr,r′ = Qkr,r′(Q(ω,
»
∆kr′)). (122)
The Galois-Heisenberg qubit Qkr,r′ is a two-dimensional bilinear space over
the field HkG,r′ := Q(ω,
»
∆kr′). The density matrices can be also treated as
endomorphisms of Galois qubits. Let
g =
Ç
ǫ2,1, ǫ2,2, ǫ2,4
ǫ3,1, ǫ3,2, ǫ3,4
; τl
å
∈ G(HG/Q). (123)
The Galois group permutes the subfields
gHkr′,G = H
lk
r′,G, (124)
and the eigenenergies
gEkr′,ν = E
lk
r′,ǫkν
. (125)
Further, observe, that the Galois group commutes with the complex conju-
gation
ga = ga. (126)
Now let us define V as the space over Q with the arithmetic basis |Q, j〉,
j ∈ Qr, r = 0, 1, · · · , 7, and operators of the space HG ⊗Q V and its endo-
morphisms in the following way:
θg = g ⊗Q idV , Θg = g ⊗Q idEnd(V ). (127)
Observe, that the operators defined in (127) are linear over Q but not over
HG.
The scalar product is equivariant with respect to the Galois group action
〈θga, θgb〉 = g〈a, b〉 (128)
and commutes with the hermitian conjugation of operators
(ΘgA)
† = ΘgA
†. (129)
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The Galois action on Galois wavelets satisfies the following formula
θg|G, r, k, t〉 = |G, r, lk, t〉. (130)
So the natural action of the Galois group permutes operators Skr,∆r in the
way
ΘgS
k
r,∆r = S
lk
r,∆r. (131)
Indeed, elements of matrices of these operators in the wavelets belong to Q(ω)
and the matrices transform in the same way, while the action θ permutes the
Galois qudits
θgQkr,r′ = Qlkr,r′ . (132)
Similarly, the action Θ permutes projection operators
ΘgP
k
r,r′ = P
lk
r,r′ (133)
and density matrices
Θg̺
k
r,r′,ν = ̺
lk
r,r′,ǫkν
. (134)
8. Final remarks and conclusions
We have presented here the solution of the eigenproblem of the Heisenberg
Hamiltonian for the heptagonal chain in a precise, and algebraically exact
form. To this aim, we have exploited some properties of finite extensions of
the prime field Q of rationals.
The initial secular matrix for the Heisenberg Hamiltonian is purely arith-
metic, i.e. its entries are integers. It reflects the fact that the set of positions
of the system is finite, and encompasses 27 = 128 elements. Introduction
of quasimomenta requires, however, an extension of the field Q of rationals
by the algebraic (but not arithmetic) integer ω = exp (2πi/7), i.e. the cy-
clotomic field Q. We have pointed out in a previous paper [1] that in the
case of pentagon (N = 5), the cyclotomic field Q(ω) is already sufficient
to express the whole eigenproblem. It is no more true for heptagon, since
the characteristic polynomials of the secular matrix do not factorize fully in
Q(ω).
We have demonstrated here that one can control the classification of spec-
tra and eigenstates of the system by use of arithmetic properties of finite field
extensions. Moreover, these properties prove to be relatively simple on the
case of heptagon since the resulting linear spaces are at most two-dimensional,
and thus get an informatic interpretation of some qubits - memory units of a
quantum computer, distinguished by Galois properties of the field extensions.
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For the quasimomentum k = 0 we gave directly the states and energies
since the eigenproblem is very simple in this particular case. To diagonalize
the Hamiltonian for k = 0 it is sufficient to use the field Q (r′ = 0, 2, 3).
For quasimomenta k 6= 0 and r′ = 1 it is sufficient to use cyclotomic field
Q(ω) whereas for r′ = 2, 3 one needs to extend Q(ω) by
»
∆kr′ .
For r = 1, 2, 3, r′ = 2, 3, , r′ < r we have constructed projectors P kr,r′ onto
subspaces of states with given quantum numbers r, r′, k. For r′ = 2, 3 we
have shown, that eigenenergies can not be expressed in the cyclotomic field
Q(ω).
We defined Heisenberg real fields Hkr′,E, Hr′,E and HE as minimal fields
that can be used to express eigenenergies for fixed (r′, k), (r′) and all eigenen-
ergies for the Heisenberg heptagon, respectively. Analogically, complex Heisen-
berg fields Hkr′,G, Hr′,G and HG are minimal ones that can be used to express
eigenstates of the Hamiltonian and quasi-momenta for fixed (r′, k), (r′) and
for whole Heisenberg heptagon. Hence, in particular for k = 0 all these fields
are equal to Q. For k 6= 0 we have Hk1,E = Q(ρ) and Hkr′,G = Q(ω) whereas
for r′ = 2, 3 and k 6= 0 we have Hkr′,G = Q(ω,
»
∆kr′). Moreover, we proved
that
»
∆kr′ /∈ Q(ρ) and, applying Kummer theory, we showed that total real
Heisenberg field HE is an extension of Q(ρ) by all six square roots
»
∆kr′ ,
r′ = 2, 3, k = 1, 2, 4 and one cannot omit any of these roots to get the ex-
tension. The same holds for the Heisenberg complex fields but instead of
the field Q(ρ) we use Q(ω). Subgroups G(HE/Q(ρ)) = G(HG/Q(ω)) = Z
6
2
are generated by six reflexions
»
∆kr′ 7−→ −
»
∆kr′ which fixed elements ρ and
ω. Galois groups G(HE/Q) i G(HG/Q) are presented as appropriate wreath
products (cf. (116, 117) and (119, 121), respectively). We defined a notion
of Galois and in particular Fourier-Galois, and Heisenberg-Galois qubit. We
introduced natural action of the Galois group G(HG/Q) and we showed how
it permutes Heisenberg subfields Hkr′,G, eigenenergies, projectors and den-
sity matrices. As it is clear from (124)-(134) this action does not change
quantum numbers r, r′ and relative positions vector t, however it permutes
transitively the interior of the Brillouin zone and the digits ν = ±1. The
Galois group fixes k = 0 and thus fixes the energies and density matrices for
k = 0. It is important to observe, that this action restricted to the subgroup
G(HG/Q(ω)) fixes wave vectors k, but does not fix digits of qubits: ν 7−→ ǫlν.
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